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INTRODUCTION 
Let S be a non-singular complete algebraic sufrace defined over an 
algebraically closed field k of characteristic p > 0. A rational vector field D 
on S is called a p-closed vector field if there exists a rational function f on 
S such that Dp=fD. Let {Spec Ai},,, be an afine open covering of S. For 
a rational vector field D on S, we set AD = { CI E Ai 1 D(a) = 0} for each in I. 
Then, Spec A f (i E I) glue together to define a quotient surface SD. It is well 
known that the surface SD is normal, and that the canonical projection 
z: S + SD is purely inseparable. Moreover, if D is p-closed, then n is a 
purely inseparable morphism of degree p. The properties of p-closed vector 
fields were fully investigated by Rudakov and Shafarevich [lS]. For ruled 
surfaces S, Ganong and Russell examined the structure of the quotient 
surfaces SD in case D has only divisorial singularities (cf. [4, 51). In this 
paper, we consider the case where S is an abelian surface or a hyperelliptic 
surface, and we prove the following two theorems (for notations, see 
Section 1). 
'THEOREM I. Let A be an abelian surface defined over k and let D be a 
non-zero p-closed rational vector field on A. Let JD be the minimal 
desingularization of AD provided AD is singular. Then the following 
assertions hold. 
(1) (D)=Oo(D)-002~ is an abelian surface *~(a~) = 0. 
Moreover, if one of these conditions holds, then D has only divisorial 
singularities and A * = AD. 
(2) D has only divisorial singularities and (D) & 00 ~(2~) = 1. 
Moreover, if one of these conditions holds, then AD = dD and AD is an ellip- 
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tic surface over an elliptic curve whose singular fibers are multiple fibers of 
elliptic curves. 
(3) D has non-divisorial singularitieso AD has at least one singular 
point 0 tc(JD) = 2. 
THEOREM II. Let X be a minimal hyperelliptic surface dejmed over k and 
let D be a non-zero p-closed vector field on X. Let BD be the minimal 
desingularization of XD provided X” is singular. Then the following 
assertions hold. 
(1) (D)=Oo{(D)mO or (D)- -K,}012(D)mOoXD is a 
hyperelliptic surface o ~(2~) = 0. Moreover, if one qf these conditions holds, 
then D has only divisorial singularities and XD = zD. 
(2) D has only divisorial singularities and (D) f 00 tc(TD)= 1. 
Moreover, if one of these conditions holds, then XD = 8” and XD has a 
structure of an elliptic surface. 
(3) D has non-divisorial singularites o XD has at least one singular 
point 0 k(RD) = 2. 
We give here a brief outline of our paper. In Section 1 we prepare nota- 
tions and basic lemmas. In Section 2 we examine rational vector fields on 
an algebraic surface, and give some formulas to calculate numerical 
invariants. In Section 3 we give a proof of Theorem I. We examine, in 
Section 4, the structure of elliptic surfaces which are obtained from abelian 
surfaces by the method in Theorem I. In Section 5 we give a proof of 
Theorem II. Finally, in Section 6, we give some examples of surfaces of 
general type which are obtained from abelian surfaces by the method in 
Theorem I. 
1. NOTATIONS AND PRELIMINARIES 
Throughout this paper, we denote by k an algebraically closed field of 
characteristic p > 0. Let X be a complete variety of dimension n over k. We 
use the following notations: 
c?, the structure sheaf of X 
((“X)P the stalk of 0, at a point P of X 
k(X) the rational function field of X 
Qx the sheaf of germs of regular l-forms on X 
H’(X, Q,) the ith I-adic Ctale cohomology group of X for a prime 
B,(X) 
number 1 different from p 
the ith Betti number of X, B,(X) = dim,,H’(X, Q,) 
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Hi(F) 
h’(X, 9) 
x(F) 
0, 
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X(P) 
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the Euler number of X, e(X) = xz0 (- l)‘dimo,H’(X, Q,) 
the ith cohomlogy group of a coherent sheaf 9 on X, 
H’(F) = H’(X, 9) 
h’(X, 9:) = dim, H’(X, 9) 
x(F) = cyxo (- l)‘h’(X, 9) 
the local ring of X at a point P of X 
the completion of 0, 
the image of the Frobenius morphism of X. 
For Y= Xcp), denote X by Y(l’p). 
For an algebraic variety X, we use the following notations: 
KX a canonical divisor of X 
Hf(X, Q,) the ith l-adic cohomology group with compact support. 
For a non-singular complete algebraic surface X, we use the following 
notations: 
@.Y the sheaf associated with the tangent bundle of X 
ci(x) the ith Chern class of X (note deg c*(X) = e(X)) 
4x1 the Kodaira dimension of X 
Pit’(X) the Picard scheme of X 
Alb(X) the Albanese variety of X 
4(X) q(X) = dim Alb( X). 
For divisors G, and G, on X, we use the following expressions: 
G, - Gz linear equivalence 
G, s G, numerical equivalence. 
Sometimes a Cartier divisor and the associated invertible sheaf are 
identified. 
An algebraic curve C is said to be rational if C is birationally equivalent 
to the projective line P’. We denote by g(C) the genus of a non-singular 
complete algebraic curve C. A curve C defined by an equation f(x, ,v) = 0 
means the nonsingular complete model of the curve defined by the 
equation. 
DEFINITION 1.1. Let X be a normal surface with some singular points. 
A desingularization v: 8-+ X is said to be minimal if exceptional curves of 
v contain no exceptional curves of the first kind. 
A minimal desingularization of a normal surface exists and is unique (cf. 
Lipman [9, Corollary 27.3 ] ). 
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Let X be a nonsingular complete algebraic surface over k, and let D be 
a non-zero rational vector field on X. We denote by (D) the divisorial part 
of D, and by (D) the part of isolated singular points of D (cf. Rudakov 
and Shararevich [ 15, Section 11). We call (D) the divisorial singularities of 
D, and (D) the isolated singularities of D. D is said to be of multiplicative 
type (resp. of additive type) if Dp= D (resp. if Dp=O). Let D, and D, be 
vector fields on X. We say that D, is equivalent to D, if there exists a 
rational function f on X such that D, =fD2. 
LEMMA 1.2 (Rudakov and Shafarevich [ 15, p. 1208, Corollary]). 
Assume that D is p-closed. The quotient surface XD is non-singular tf and 
only if D has only divisorial singularities. Moreover, the singular points of XD 
coincide with the image of isolated singular points of D by the canonical 
projection. 
LEMMA 1.3. Let X, Y be non-singular complete algebraic surfaces defined 
over k, and let f: X + Y be a finite, purely inseparable morphism of degree 
p. Assume K, = 0. 
(i) If p 2 3, then Y does not contain any exceptional curves of the first 
kind. 
(ii) If X is either abelian or hyperelliptic, then in arbitrary charac- 
teristic Y does not contain any exceptional curves of the first kind. 
Proof (i) Since K, = 0, X is a minimal surface. Suppose that Y has an 
exceptional curve C of the first kind. We have f-‘(C) = either pz’ or c, 
where c is an irreducible reduced curve. If f ~ ‘( C) =pz’, then we have 
-p =p2c2, whi c h . IS impossible. Iff ~ ‘(C) = c, then -p = c’. On the other 
hand, since (K, c) = 0 and the vertical genus ~(2;) b 0, we have 
c’+ 2 > 0. Therefore, we have p = 2, a contradiction to the assumption 
pb 3. 
(ii) It suffices to prove the case p = 2. By the proof of (i) we have a 
curve i? of X such that c’ = - 2. On the other hand, such a curve exists 
neither on an abelian surface nor on a hyperelliptic surface. Q.E.D. 
2. RATIONAL VECTOR FIELDS 
In this section we prepare some results on rational vector fields to prove 
Theorems I and II. Let X be a non-singular complete algebraic surface 
defined over k, and D a non-zero rational vector field on X. 
PROPOSITION 2.1. degc,(X)=deg(D)-K,.(D)-(D)2. 
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Proof: We consider the exact sequence 
o- U*((D))DA 0x3 0x(-Kx) @,,O,(-(D))- Y--+ 0, 
UJ UJ (1) 
8- OAD 
where i is the natural inclusion and where Y is a sheaf supported by 
finitely many points. Calculating Chern classes in the Chow ring, we have 
The result follows from c(Q((D))) = 1 + (D), c(l?y( -K,)O Q( -(D))) = 
1 -K,- (D), ~(0,) = 1 + cl(X) + c*(X), and c(Y) = 1 - (D). Q.E.D. 
Remark 2.2. In case D is a non-zero regular vector field, this formula 
is stated in Rudakov and Shafarevich [ 15, p. 12311. 
PROPOSITION 2.3. Assume that K, ~0 and H”(X, 0,) # 0. Then the 
following three conditions are equivalent: 
(i) (D)-0, 
(ii) (D)-0 or (D)- -K,, 
(iii) 12(D) - 0. 
Proof We prove that (i) implies (ii). By (1) we have two exact 
sequences 
and 
where Im(/j D) is the image of AD. Therefore, we have two exact 
sequences 
and 
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By the assumption H”(O,)#O, we see that H”(oX((D))) #O or 
Ho( (C!&( -K,) BOX C!&( - (D))) # 0. Since K, = 0, we conclude that (i) 
implies (ii). The other parts are trivial (cf. Bombieri and Mumford [2]). 
Q.E.D. 
COROLLARY 2.4. Let A be an abelian surface over k, and D a non-zero 
rational vector field on A. Then 
(D)=O-=(D)-0. 
Moreover, tf one of these conditions holds, then D has only divisorial 
singularities. 
Proof: Since H’(O,) #O and K, = 0, the former part follows from 
Proposition 2.3. Assume (D) = 0. Then by Proposition 2.1 we have 
deg( D ) = 0. The later part follows from this fact. Q.E.D. 
COROLLARY 2.5. Let X be a minimal hyperelliptic surface over k, and D 
a non-zero rational vector field on X. Then 
(D)rOo((D)-Oar(D)--K,}o12(0)-0. 
Moreover, if one of these conditions holds, then D has only divisorial 
singularities. 
Proof By Lang [S, Theorems 4.9 and 4.111, we have H”( 0,) # 0. 
Hence, this corollary follows from Propositions 2.1 and 2.3. Q.E.D. 
We set Y = XD. Let X: X + Y be the canonical projection. We denote by 
2 the set of points of X where D has isolated singularities, and by Sing(Y) 
the set of singular points of Y. We have n(C) = Sing(Y) (see Lemma 1.2). 
Let v: 8--+ Y be the minimal desingularization. 
LEMMA 2.6. Let P be a singular point of Y and let v-‘(P) = U:= I Ei 
with irreducible curves Ei. Then every Ei is a (not necessarily non-singular) 
rational curve with e( Ei) = 2 and the dual graph of v - ‘(P) is a tree. 
Proof There exist a non-singular projective surface Z, a birational 
morphism (T: Z -+ X, and a morphism t+k: Z -+ F such that x 0 rr = v 0 +. We 
may assume that the set of fundamental points of 0 -I is n ~ ‘(Sing Y). Then 
*: z\a-‘07c -‘(Sing Y) + X\v-‘(Sing Y) coincides with 71: X\rc-‘(Sing Y) 
+ Y\Sing Y. Thus the locus of exceptional curves of r~ maps surjectively 
onto v -‘(Sing Y). Hence the first assertion follows. If we note that x 
(hence $) is generically purely inseparable, we can easily verify e(Ei) = 2 
and the second assertion. Q.E.D. 
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LEMMA 2.7. Let p: 8+ W be a composition of blowing-downs with a 
relatively minimal model W. If neither Y nor W contains rational curves, then 
Y is non-singular and P = Y = W. 
Proof Let {EiJi= 1, ,,, n be the set of exceptional curves of v. By 
Lemma 2.6, Eis are rational curves. Therefore, by our assumption, p(E,) 
(i= 1, . . . . n) is a point. On the other hand, let C be a curve such that p(C) 
is a point. Since p is a composition of blowing-downs, C is a rational curve. 
Therefore, by our assumption v(C) is a point, that is, C is contained in 
(E, } I = l ,._,, n. Therefore, by Rudakov and Shafarevich [ 15, p. 1214, 
Lemma 11, p 0 v-l is a finite birational morphism. Hence, by Zariski’s main 
theorem, p 0 v PI is an isomorphism. In particular, Y is non-singular and 
F= Y. Q.E.D. 
PROPOSITION 2.8 (Rudakov and Shafarevich [ 15, p. 1213, Corollary 11. 
Let X be a non-singular algebraic surface over k, and D a non-zero p-closed 
rational vector field on X. Assume that Y = XD is non-singular. Then 
K,-z*K,+(p- l)(D). 
LEMMA 2.9. Under the above notations, assume that all singular points of 
Y are rational double points. Then 
(KpJ2 = (Kx- (P - 1 )(D))‘/P. 
Proof We have a commutative diagram 
- 77 
X-Y 
J 
I I 
Y 
X--LY 
where F is a composition of blowing-ups such that it = v-l 0 no v” is a 
morphism. Since all singular points of Y are rational double points, the 
canonical divisor K, of Y is a Cartier divisor and we have KF= v*K, (cf. 
Artin Cl, Theorem 2.71). Then, by Lemma 2.8, K, is linearly equivalent to 
n*K,+(p- l)(D) on X\z Since C is of codimension two, we have 
K,-z*K,+(p-l)(D) on X. Therefore, v”*(K,-(p-l)(D))--*KY. 
Since G is of degree p and v” is birational, we get the result. Q.E.D. 
The following lemma is essentially given in Rudakov and Shafarevich 
[15, p. 1216-J. 
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LEMMA 2.10. Under the above notations, 
deg c2( 8) = deg c2(X) + n, 
where n is the number of exceptional curves of v. 
Proof Since II is a radical morphism, we have 
deg c2( X) = e(X) = e( Y). 
We denote by E, (i= 1, . . . . n) all the exceptional curves of v. Then we have 
two exact sequences, 
. . + H”(Sing Y, CI,) + HL,( Y\Sing Y, CI,) + H’( Y, a,) 
+ H’( Sing Y, UIJ,) + . . 
and 
(cf. Milne [lo, p. 941). Since Y\Sing Y 21 8\u:= 1 E;, we have 
H::(Y\SingY,P,)?H:(P\~~Ei.Qi) (i=O,1,2,3,4). 
Therefore, we have by Lemma 2.6 
deg c2( P) = e( P) = e + e( Y) - dim H’(Sing Y, a,) 
= e( Y) + n. Q.E.D. 
3. QUOTIENTS OF ABELIAN SURFACES 
In this section, we prove Theorem 1. Let A be an abelian surface defined 
over k, and let D be a non-zero p-closed rational vector field on A. We set 
Y = AD. Let rc: A --) Y be the canonical projection. Let v: P+ Y be the 
minimal desingularization of Y. The following lemma is trivial. 
LEMMA 3.1. Let C be a non-singular complete curve of genus g > 2. Then 
there exist no non-trivial morphisms from A to C. 
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LEMMA 3.2. Y contains no rational curves. 
Proof Suppose that C is a rational curve on Y. Since rc is a radicial 
morphism of degree p, the reduced part of z-‘(C) is also a rational curve, 
which contradicts the fact that A does not contain rational curves. Q.E.D. 
LEMMA 3.3. Under the above notations, K(F) 20 and q( 8) = 2. 
Moreover, there exist no quasi-elliptic fibrations on F. 
Proof Since x: A + Y is a purely inseparable morphism of degree p, we 
have a generically surjective rational mapping P+ Acp). Since Acp) is an 
abelian surface, by the universality of Albanese variety we have q(y) = 2. P 
is neither ruled nor quasi-elliptic. In particular, K( P) > 0. Q.E.D. 
LEMMA 3.4. If IC( P) = 0, then Y = P and Y is an abelian surface. 
Proof By Lemmas 2.7 and 3.2, we have Y= F. Now, the result follows 
from Lemmas 3.2 and 3.3. Q.E.D. 
LEMMA 3.5 (Katsura and Ueno [6, Lemma 3.41). Let J X -+ C be an 
elliptic surface. Then q(X) is equal to either g(C) or g(C) + 1. Moreover, tf 
q(X) = g(C) + 1, then singular fibers consist of multiple fibers of elliptic 
curves. 
LEMMA 3.6. Zf tc( P) = 1, then Y = F and Y is an elliptic surface over an 
elliptic curve whose singular fibers are multiple fibers of elliptic curves. 
Proof By Lemmas 2.7 and 3.2 we have Y= F. The result follows from 
Lemmas 3.3, 3.1, and 3.5. Q.E.D. 
LEMMA 3.7. If (D) = 0, then Y is a non-singular abelian surface. 
Proof By Corollary 2.4, D has only divisorial singularities. Therefore, 
Y is non-singular. By Proposition 2.8, Corollary 2.4, and KA - 0, we have 
K, = 0. Therefore, K( Y) = 0. The result follows from Lemmas 3.2 and 3.3. 
Q.E.D. 
LEMMA 3.8. Zf D has only divisorial singularities and (D) & 0, then Y is 
non-singular and has the structure of an elliptic surface over an elliptic curve 
with K(Y) = 1. The singular fibers are only multiple fibers of elliptic curves. 
Proof By Lemma 1.2, Y is non-singular and deg( D ) = 0. By Proposi- 
tions 2.1 and 2.8 we have K$ = 0. Since Y is a minimal surface by 
Lemma 3.2, we have K(Y) < 1 (cf. Mumford [12]). By Lemma 3.3, we have 
K(Y) 20. Suppose that K(Y) = 0. Then by Lemma 3.4, Y is an abelian 
surface. Therefore, by Proposition 2.8, we have (D) = 0, a contradiction. 
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Hence we have K(Y) = 1. By Lemma 3.3, Y has the structure of an elliptic 
surface. By Lemmas 3.1 and 3.5, the base curve of this elliptic surface is an 
elliptic curve. Q.E.D. 
LEMMA 3.9. Y is singular if and only if K( 8) = 2. 
Proof. Suppose that Y is non-singular. Then there exists a p-closed 
rational vector field D’ on A which has only divisorial singularities such 
that Y= AD’. Therefore, by Corollary 2.5, Lemmas 3.6 and 3.8, we see 
K(Y) = rc(A”‘) = 0 or 1. The “if’ part follows from Lemmas 3.4 and 3.6. 
Q.E.D. 
Proof of Theorem I. (3) follows from Lemmas 1.2, 3.3, and 3.9. (1) 
follows from Corollary 2.4 and Lemma 3.7 (2) follows from Lemma 3.8. 
Q.E.D. 
Remark 3.10. Since we have a purely inseparable morphism rc’: Y+ Acp) 
of degree p, by the universality of Albanese variety we have a commutative 
diagram 
Y L Alb( Y) 
It is easy to see that if Y is not an abelian surface, then g is an isomorphism 
(cf. Serre [ 16, p. 726, Remarque 23). 
4. ELLIPTIC SURFACES 
In this section, let A be an abelian surface over k, D a non-zero rational 
vector field which has only divisorial singularities, and (D) & 0. We set 
Y = AD. By Theorem I we have an elliptic surface f: Y -+ B with an elliptic 
curve B. Let 7~: A + Y be the canonical projection. Then we have a 
commutative 
AA 
x’ Y - A(p) A Alb( Y) 
7 I I f $ B’- B 
(2) 
(cf. Remark 3.10), where B’ is the normalization of B in the field k(A) 
4X1.124.2-14 
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viewed as a subfield of k(A) viafo x, II/ is the normalization morphism, and 
j‘is the natural morphism. 
LEMMA 4.1. B’ is an elliptic curve and $: B’ -+ B is the Frobenius 
morphism of B’. 
Proof: By the universality of Albanese variety, we have a morphism 
h: Acp) --) B such that ho& =J Since Z’ 0 n is the Frobenius morphism of A, 
we have a commutative diagram 
A 
K 
, y n’ *A(P) ? I 
B’ , @l/P) F , B B 
where F is the Frobenius morphism of B(l’p) and IJ = F 0 /?. Since deg 7c =p, 
we see deg F 0 fi =p. Since deg F =p, we conclude that /I is an isomorphism 
and B’ = @l/P). Q.E.D. 
B’ is an elliptic curve and by a suitable choice of the origin of B’, sis a 
homomorphism. We set E = KerJ By the definition of B’, E is reduced and 
connected. The following lemma is trivial. 
LEMMA 4.2. A is an extension of abelian varieties 
LEMMA 4.3. Every singular fiber f -l(b) (b E B) has the form pA with an 
elliptic curve A and 7c ~ ‘(A) a reduced elliptic curve. 
Proof Suppose f -l(b) = mA with an integer m z 2 and a reduced curve 
A. Then by Lemma 3.6 A is an elliptic curve. Let b’ be a point of B’ such 
that tj(b’) = 6. Then by Lemma 4.1 we have $-l(b) =pb’. Therefore we 
have 
py-‘(b’) =m{z-‘(A)}, (3) 
where f ’ ‘(b’) is a reduced elliptic curve. By Rudakov and Shafarevich [ 15, 
Section 1, Proposition 11, z-l(A) is either pC or C with a reduced 
irreducible curve C. Therefore, by (3) we see m =p and n-‘(A) =S-‘(b’). 
Q.E.D. 
Let D, (resp. D2) be invariant vector fields on B’ (resp. E). We denote by 
the same letter D, (resp. D,) the vector field on A which is mapped to D, 
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by the canonical surjection H”(A, 0,) + H’(B’, O,.) (resp. which is the 
image of D, by the canonical injection H”(E, 0,) -+ HO(A, 0,)). Then we 
can write D =fiDl +f2D2 (fi,f2 E k(A), fi,f2 # 0), where D is given as 
above. Furthermore, replacing D by an equivalent vector field (cf. [ 15]), 
we set D = D, + hD, (h E k(A), h # 0). Let b, (i = 1, . . . . r) be points of B over 
which the elliptic surface J Y -+ B has singular fibers. Then we have the 
following: 
PROPOSITION 4.4. (i) h E k(B’). 
(ii) $(Supp(h),) = {b,, . . . . b,}, where (h), is the polar divisor ofh. 
Proof (i) Suppose h 4: k(B’). Then there exists a component of (h) in 
A which is transverse to the fiber of? A -+ B’. By Lemma 4.3, Rudakov and 
Shafarevich [15, Section 1, Proposition 11, (h), should contain fp’(bi), 
where 6; is a point of B’ such that 1l/(bi) = bi. This is a contradiction to the 
hypothesis that D has only divisorial singularities. Hence, h E k(B’). 
(ii) By Lemma 4.3 we know that the set-theoretic inverse image 
SiiL{p ‘(bi)) is an integral curve for D. Hence f*( (h), ) must contain 
x-‘(f-‘(b,))}. Therefore, Supp(h), 2 Il/-‘({b,, . . . . b,)). Since 
SUpp{@(f-‘(b))) (b$ {b,> ..., b,)) 1s not an integral curve of D, we have 
the other inclusion. Q.E.D. 
Let E, and E, be supersingular elliptic curves. Consider the abelian 
surface A = E, x E,. Let 6 be an effective divisor on E, of degree > 1 and 
A =p:(6) where p,: A + E, is the projection. We set 
L(6)= {hEk(EJ 1 (h)+6>0}u (0). 
Choose fi and f2 from L(6) so that Supp((f,) + 6) n Supp((f,) + 6) = @. 
Set g, =f;” and g, = f 1” for some positive integer n and define a rational 
vector field D on A by D = g, D, + g, Dz, where D, and D, are non-zero 
invariant vector fields on E, and E,, respectively. Then D has only 
divisorial singularities and (D) s -npA. Since 0: = 0 and 0; = 0, we have 
Dp = 0. In view of the results of Section 3, the quotient Y = AD is an elliptic 
surface with JC( Y) = 1 and the morphism f: Y -+ B = Ef’ induced by the 
projection p1 : A -+ E, is an elliptic fibration. Note that f has singular fibers 
over the points of +(Supp((f,) + 6)), where II/: E, + B is the Frobenius 
morphism of E,. 
PROPOSITION 4.5. Under the above notations and assumptions, we have 
dim H"(f ~ l(b), +I~~,) =p for all multiple fibres f-'(b). In particular, 
every multiple fiber is wild. 
Proof: Let f -l(b) =pC be a multiple fiber with a reduced curve C. Let 
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y E C and let x E A such that n(x) = y. Then 0, is a free O,-module of rank 
p. Let b’ be a point of El such that $(b’) = b. Take a local parameter t of 
E, at b’. We denote { 6’) x E, by E,,. Then (OpEh.)x is a free (@&,-module 
of rank p and (OpEb,)x = (0&),,, Ok k[t]/(t”), where x = (b’, b”) with b” E E,. 
Since D has the form D =flpDl +fipD, and b’ is a zero of fi, D induces 
a derivation D on (0p4.)J such that D(t) = 0. Therefore we have (Co,,,)~ = 
(OE2)f?Okk[t]/(tP). Since (flEb.)x is a free (OEj)F?-module of rank p, we 
know that (OppEh.),x is a free (Opl,,.)~-module of rank p. On the other hand, 
we have the inclusions (_Cp,)x 2 (opEh,)f 2 (Co,,),. Comparing the ranks, we 
see that ( Op”,c), = (Co,, )” = ( OfiZ)cZ@k k[ t]/( tP). The assertion follows from 
this observation. Q.E.D. 
Remark 4.6. Under the above notations, C is a supersingular elliptic 
curve. Therefore the normal bundle qC) Ic is trivial. The second assertion 
of Proposition 4.5 also follows from this fact (cf. Katsura and Ueno [6]). 
EXAMPLE 4.7. Assume char k =p > 2. Let Ei (i = 1, 2) be elliptic curves 
defined by 
y2 = x(x - 1 )(x - /Ii), 
where h,(l,) =c,=; ( i ) .i - (p “” (pp 1)‘2 ’ E j- 0. Then both E, and E2 are super- 
singular. Consider the divisor 6 = 2P, on El, where P, = (x = 0, y = 0) E 
E, . Choose fi = 1 and f2 = (x - CI)/X from L(6), where c1 E K, c( # 0 and set 
D=D,+((x-~)/x)“~D~ with nEN. 
Then D is a rational vector field of additive type with only divisorial 
singularities and {P,,} x E2 is the only integral curve for D. Let Q, = 
$(p,,)~B=Efl. Then pC=f-‘(Q,,) is the only multiple fiber, which is 
wild by the previous section. Consider the decomposition R’f, CO, = L 0 T, 
where L is an invertible sheaf and T is a torsion sheaf (cf. Bombieri and 
Mumford [2]). Then Supp T= {Q,}. Let U=B- {Q,}, U, =$-l(U), 
and Yu=ful( U). It is easy to see that p;‘( U,) = Y, x u U,. Applying the 
base change theorem, we know that $*L I u, N Lo,,. Hence Lp I u N 0”. 
Since B is a supersingular elliptic curve, we get L ( Li N Lo,,. Therefore, by the 
canonical divisor formula (cf. Bombieri and Mumford [2]), we have 
K, = (pm + a) C with m, a E Z, 0 < a <p. On the other hand, we know that 
x*K,=(p-l)d=2n(p-l)p({P,)xE2) and that n*C=({P,}xE,) as 
divisors by Lemma 4.3. Comparing the multiplicities, we must have 
KY= 2n(p - 1)pC (for another method, see Katsura and Ueno [7, 
Theorem 3.31). Then, since f, KY= Co,(2n(p - l)Q,,), we have h2( Y, 8,) = 
h”( Y, KY) = h”(B, f, KY) = 2n(p - 1). Furthermore, since x(0,) = ~(0~) = 0, 
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we have h’(Y,6,)=2n(p-l)+l. We know that B,(Y)=B,(A)=4. 
Hence, it follows that the gap’s behavior is given by 
2h’(Y,0,)-B,(Y)=4n(p-l)-2-+cc as n-co. 
EXAMPLE 4.8. Let El, E,, D,, and D, be the same as in Example 4.7. 
Choose an arbitrary natural number Y. We can construct an elliptic surface 
which has exactly Y multiple fibers. Indeed, suppose r = 2s with s E N. 
Choose a,, a, ,..., c(, E k such that ai # 01, (i #j) and a, # 0, 1, A,. Let 
h=(x-cr,)“/(x-cc,)...(x-m,T)Ek(E) and D=D,+hPDz. 
Then we obtain the required surface Y = AD. Suppose r = 2s + 1. Then 
choose a,, . . . . a, as above. Let 
h=(x-cc,)“+‘/x(x-x,).,.(x-a,)Ek(EI) and 
D=D,+hPD2. 
Then we obtain the required surface. 
5. QUOTIENTS OF HYPERELLIPTIC SURFACES 
In this section, let X be a hyperelliptic surface over k, and let D be a 
non-zero p-closed rational vector field on X. Let 71: X + XD be the canoni- 
cal projection. We set Y= XD. We denote by v: P-+ Y the minimal 
desingularization of Y. We can prove the following three lemmas in a way 
similar to the proofs of Lemmas 3.2, 3.3, and 3.4. 
LEMMA 5.1. Y contains no rational curves. 
LEMMA 5.2. K( 8) 2 0 and q( 8) = 1. Moreover, there exist no quasi- 
elliptic fibrations on y. 
LEMMA 5.3. If K( Y) = 0, then Y = p and P is a hyperelliptic surface. 
LEMMA 5.4. If K( F) = 1, then p= Y and Y has a structure of an elliptic 
surface. 
Proof Let p: 8-+ W be a composition of blowing-downs with the mini- 
mal surface Y. Then, by Lemma 5.1 and Rudakov-Shafarevich [ 15, p. 1214, 
Lemma 11, v 0 p-l is a morphism. Therefore, by the minimality of the 
desingularization v: P + Y, we have W = F. By IC( 8) = 1 and Lemma 5.2, p 
has a structure of an elliptic surfacef: a+ B. Since q(y) = 1, by Lemma 3.5 
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B is isomorphic to either P’ or an elliptic curve E. Let n be the number of 
exceptional curves of v: t-+ Y. Then, by Lemma 2.10 and e(X) = 0 we have 
e( P) = n. (4) 
We first consider the case B N P’. Then, by Lemma 3.5, the singular fibers 
off: 8-, IFD’ are all multiple fibers of elliptic curves. Therefore, by Cossec 
and Dolgachev [3, Theorem 5.3.11, the Jacobian fibration f’: J+ [FD’ has 
no singular fibers. Therefore, by Raynaud’s theorem (cf. Cossec and 
Dolgachev [3, Proposition 5.3.61, Raynaud [ 14]), we have e( 8) = e(J) = 0. 
Therefore, by (4), we have n = 0. Now we consider the case B N E. Suppose 
n > 0. The exceptional curves of v: y -+ Y are all contained in the fibers of 
f: P+ E. Let F be a fiber off: y-+ E which contains at least one excep- 
tional curve of v: 8+ Y. Then all components of F are rational curves. 
Therefore, by Lemma 5.1, v(F) is a point. Hence F* <O (cf. Mumford 
[ 111). On the other hand, since F is a fiber of an elliptic surface, we have 
F* = 0, a contradiction. Therefore, we have n = 0. Hence we conclude 
P= Y. Q.E.D. 
We can prove the following three lemmas in a way similar to the proofs 
of Lemmas 3.7, 3.8, and 3.9. 
LEMMA 5.5. If(D) = 0, then Y is a non-singular hyperelliptic surface. 
LEMMA 5.6. Zf D has only divisorial singularities and (D) $ 0, then Y is 
non-singular and has the structure of an elliptic surface with K( Y) = 1. 
LEMMA 5.7. Y is singular if and only if K( P) = 2. 
Proof of Theorem II. This theorem follows from Corollary 2.5 and 
Lemmas 5.3, 5.4, 5.5, 5.6, and 5.7. Q.E.D. 
Now, assume char k =p 2 3. We consider the case where D has only 
divisorial singularities. Recall that every hyperelliptic surface has the form 
X = (E, x E2)/G, where E, , E, are elliptic curves and G is a finite group 
scheme of E, and acts on E, x E2 as g(a, b) = (a(g)(a), b +g) with some 
injective homomorphism ~1: G + Aut(E,) (cf. Bombieri and Mumford 
[2, Theorem 41. We set A = E, x E2. By the hypothesis p # 2, we know that 
G is a reduced group. The action of G on A is given in Bombieri and 
Mumford [2, p. 371). Since G acts freely on El x EZ, the canonical 
projection n: A +X is etale. So we have rc*52, = Sz,. Hence D induces a 
rational vector field b on A which is invariant under the action of G in the 
following sense: if g*: K(A) + k(A) is the automorphism induced by g E A, 
theng*oD=Dog* for everygEG. 
Note that b has only divisorial singularities and n*(D) = (b). 
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LEMMA 5.8. Assume that p b 3 and that E, is isogenous to E,. Let ii he 
the vector field on A induced by D. Then b is expressed as 
b =fiD, +fz&, 
where either fi, f2 E k(E,) or fi, f2 E k(E,). 
ProoJ: Let 2 = cO,((D)). Since ~(9) =0 and di”$ Pit’(A), K(Y)= 
{xeA 1 T,*Y=Z’} is neither a finite set nor A, where TX is the translation 
of A by x. Therefore, there exists an elliptic curve E which is an irreducible 
component of K(T). Consider the type of G and its actions (al ), (a2), 
(bl), (b2), (cl), (c2), and (d) which are described in Bombieri and 
Mumford [2, p. 371. Let (a, b) be a point of E in A. 
Cases (al) and (a2). Since (-a, b+ tl)E K(T) and since K(Z) is a 
subgroup of A, we have (-a, b + a) + (a, b) = (0,2b + a) f K(9), where 
crag and 2cr=O. 
Cases (bl) and (b2). Since (wa, b + fl), (02a, b+ 2/?) EK(Y), we have 
(0, 36) E K(2), where w3 = id,,, BE G and 3/j’ = 0. 
In other cases, by the same arguments as above, we know that 
(0, nb + c) E K(2), where n E N and c E E, are determined only by G. 
By virtue of the divisibility of abelian varieties, we conclude that 
K(Y)2 {O} x E, or E, x {O}. Accordingly, either .Y=p:Zl or 9=p;Y2, 
where p1 (resp. p2) is the projection from A to E, (resp. E,), and where Y1 
(resp. Spz) is an invertible sheaf on E, (resp. E2). Indeed, consider the case 
K(Z)2 (0) xE,. Note that I-(b)1 #O, (B)=O, and (d)‘=O. Hence any 
effective member of I- (a)1 consists of irreducible components which are 
contained in an elliptic fibration on A. Since K(Z) 2 (0) x EZ, this fibra- 
tion must coincide with the projection p1 : A + E,. Hence 9 =pT g1 with 
an invertible sheaf 5?i on E,. The other case can be proved similarly. The 
assertion then follows from this observation. Q.E.D. 
EXAMPLE 5.9. Suppose that E, and E, are the same elliptic curves 
as in Example 4.7. Consider the divisor 6 = 2P,+ 2P, on E,, where 
Po=(x=O, y=O), P,=(x=O,y=co)~E,. Let fi=y/x, f2=(x--)‘/x 
be elements of L(6), where p E k, p # 0, 1,1,. Then it is easy to see that 
Supp( (f, ) + 6) n Supp( ( f2) + 6) = 0. Let X be a hyperelliptic surface 
constructed according to X= (E, x E2)/G, where G = (a) N H/2Z acts on 
El x Ez by CJ: (a, b) + (-a, b + a) with a non-zero 2-torsion point CY of E,. 
Let g,=f;, g2=fT, and b=g,D,+g,D,. Then b is a rational vector 
field on E, x E, of additive type with only divisorial singularities. Since 
a*(gl)= -&!I, a*k,)=g,> we have Bocr*=a*od. So B induces a 
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rational vector field D on X, which has also only divisorial singularities. 
Let Y be the quotient of X by D. Then Y is an elliptic surface with 
K(Y)= 1. 
6. EXAMPLES OF SURFACES OF GENERAL TYPE 
In this section we give two examples of surfaces of general type which are 
quotients of abelian surfaces by rational vector fields. 
EXAMPLE 6.1. Assume char k =p b 3. As in Example 4.7, we consider 
the elliptic curves E,, E, defined respectively by 
E,:y:=xr(x,-1)(x1-2), 
E, : y; = x2(x2 - 1 )(x2 - %), 
where ;1 satisfies the equation 
h,(4 = 1 (~~~((p1)/2)2nj=0. 
(5) 
(6) 
Then E;s are supersingular elliptic curves. We set A = E, x E,. A basis of 
H’(E,, O,,) (resp. H’(E,, 0,)) is given by 
D, =Y, $ 
a 
resp. D, = y, - 
I 8x2 > 
By the hypothesis (6) we have Df = 0 and 0; = 0. We take a rational func- 
tion fi on E, (resp. f2 on E2) which has only simple zeros and poles on E, 
(resp. on E,). We can naturally regard fi and f2 as rational functions on 
A. We denote by n, (resp. n2) the order of the poles off, (resp.f,). For the 
sake of simplicity, we consider the case n, = n2 = n. For n B 2, it is easy to 
see that there exist such functions. We have 
(f~)= i F;- f: F, and (fz)= i Cl- i G,, 
i=l i= 1 i= 1 i= 1 
where Fi (i= 1, . . . . n), Fj (j= 1, . . . . n) (resp. G, (i= 1, . . . . n), G,! (j= 1, . . . . n)) 
are elliptic curves which do not intersect. We set 
D =f fD, +f 2pD2. 
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Then we have Dp = 0, that is, a rational vector field of additive type. Then 
we have 
(D) = - i pF,- i pG,. 
r=l ,=I 
(7) 
D has isolated singularities at the points P,= Fi A Gi (i = 1, . . . . n; 
j= 1, . ..) n), Q,j= Fin Gj (i= 1, . . . . n; j= 1, . . . . n). By the hypothesis (6), at 
each point P, (resp. Q,), D is expressed as 
a a D=UPsP---+vPtP- 
as at ! 
resp. D = ( l/sPtP) 
a a 
uPtP - + vpsp - as at >> 
, 
where (s, t) is a regular system of parameters at P, (resp. Q,), and where 
U, v are units at P, (resp. Q,). We blow up at all points P, (resp. QO) 
(i’ 1, . ..) n;j= 1, . ..) n). 
For each point P, (resp. Q,) we have two affne open sets U, (a = 1,2) 
such that U, N k2 with global coordinates (s,, t,), and the blowing-up with 
center P, is defined by 
s=s,t, 
and 
s = s2 
t= t, t = t,s, 
We denote the blowing-up by i? 2 + A. We denote by B the rational 
vector field on 2 induced by D. Since a/&= (l/tl)(d/as,), d/at = 
-(~,/t,)(a/as,)+(a/at,) on u,, and since a/as=(a/as,)-(t2/s2)(a/at2), 
apt = (l/s,)(a/&,) on U,, we have 
i 
tf-’ 
i 
a (Psf - Vs,) - + 
d= as, 
1 
a s; -1 i-Ps2r?y+ ( --iipt* 
2 
a 
fipt, at, I 
on U, 
+ipti)i on U2 
2 1 
i 1 
(1/Fltp+1){(iip-~ps~+1)~+i7ps~tl~] on U, 
resp. b = 
(l/s ;+w { ay 
a 
fiPs2t;-+(-Lipt~+1+fiP)- on U, 
2 at2 1 I7 
where ii, 6 are units which are respectively obtained from the pull-back of 
U, v. In each case, the vector field has p + 1 isolated singular points P, 
(1= 1, . . . . p + 1) (resp. Q,, (1= 1, . . . . p + 1)) on each exceptional curve L, 
(resp. M,) (i = 1, . . . . n; j = 1, . . . . n) over P, (resp. over Q,). We have 
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K,-= i L,+ i M,, (8) 
,,I. = I r,j= I 
(b)= - i Ppi- i PGj+ i (p-l)L,- i (p+ l)M,, (9) 
i=l j= I ;,I= I r.i= 1 
with F’f= -n, ef= --n, ~;;,.c?~=O, L$.= -1, ME= -1, pk.LLil=O, 
G, L, = 0, Fk. M, = hki, G,. M, = 6,, where 6, is Kronecker’s delta and 
where Fj (resp. cj) is a proper transform of F, (resp. G,). All singular points 
of 2’ are of type A,-,. For example, at the point P of U, corresponding 
to (s,, t,)= (O,O), (6,)” is generated by ST, if, and ?‘s,t, -S’s;tl. Here, 
we note that D extends naturally to a derivation of the completion 6,. We 
set x=sr, y= , tP, z=~T~s~t~-ii~sf’t~. Then we have 
zp = axy - bxpy, 
where a (resp. b) is a unit at (x, y, z) = (0, 0,O) which is obtained from Cp2 
(resp. ii”‘). The singular point (x, y, z) = (0, 0,O) is a rational double point 
of type A,- 1. We set 2 = 2’. We denote by p: 2 + Z the minimal 
desingularization of Z. Then 2 is nothing but the minimal non-singular 
model y of AD, which is a surface of general type by Theorem I. Therefore, 
by Lemma 2.9 we have 
~,(~)*=(Kp)*=(K~-(p-l)(~))~/p=2n~(2p--3)p. 
We have e(d) = e(A) + 2n2 = 2n2. Therefore, by Lemma2.10 we have 
deg c2( P) = e( 8) = 2n2 + 2n*(p + l)(p - 1) = 2n2p2. 
In this example, Miyaoka-Yau’s inequality ci( P)2 < 3 deg(c,( y)) holds. 
Moreover, we have lim,, m (ci( F)*/deg(c,( F))) = 2. 
EXAMPLE 6.2. Assume char k = p = 2. We consider elliptic curves El, E, 
defined respectively by 
1 
E,: Y;+ Y,=X; 
E,: Y;+ Y,=X; 
Then E:s are supersingular elliptic curves. We set 
a 
resp. D, = - 
ax, > 
. 
D, (resp. D,) is a regular vector field on E, (resp. on E2) such that Df = 0 
(resp. 0: =O). We set A = E, x E2 and D=X,(a/ax,) + X,(a/dX,) on A. 
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It is easy to see that D* =D, that is, D is a rational vector field of 
multiplicative type. D has isolated singularities at the points 
P, = ((0, 01, (0, O)), p, = ((0, Oh (0, 1 )h 
P3=((0, l),(O,O)), p‘l= ((0, 11, (0, 1 )I and 
P, = ((0, a )> (0, cc )I 
We set Y= AD. Let rc: A + Y be the canonical projection and v: F+ Y 
be the minimal desingularization. Then by Theorem I, a is a minimal 
surface of general type. We set n(P,) = P: (i = 1,2, 3,4, a). Then Y has 
singularities at Pi (i = 1, 2, 3,4, co). At P, , P,, P,, and P,, we can easily 
show that 6,; = (6,)” N k[[wf, zf, wiz,]], where (wi, zi) is a regular 
system of parameters of 6,;. Here, we note that D extends naturally to a 
derivation of the completion 8,. So Pi’s (i= 1,2, 3,4) are rational double 
points of type A,. Now we consider (OPa)D. Let x1 =X,/Y,, y, = l/Y,, 
x2 = X,/Y,, and y, = l/Y,. Then E, and E, are respectively defined by 
1 
E,: y:+y,=x;, 
E,: y:+y,=x;, 
and D=(x,l~~)Wx, + (xJY&WX~ = (~/x~x~)(x~(Y~ + l)Wx, + 
xT( y, + l)a/ax,}. Let F (resp. G) be a divisor on A defined by the zero of 
x, (resp. the zero of x2). Then both F and G are elliptic curves and we have 
(D)= -2F-2G with F* = 0, G* = 0, and F.G= 1. (10) 
Therefore, by Lemma 2.9, we have 
cl(P)* = (KY)* = (D)*/2 = 4. 
We can easely show that (6,X,)D =k[[x:, x:, y, + y, + y, y2]]. We set 
s=x:, t=x:, andz=(y:+l)(y:+l)(y,+y,+y,y,). Then we have 
z* = (s3/( 1 + U)) -t (t3/( 1 + u)) + (s3t3/( 1 + u)( 1 + u)), 
where u = y: (resp. u = y:) which is expressed as a power series of s (resp. t) 
such that u = 0 mod(s) (resp. v E 0 mod(t)). Therefore, the point P’, is a 
rational double point of type D,. Hence, by Lemma 2.10 we have 
degc,(8)=1+1+1+1+4=8. 
We have deg c2( P) = 2c,( P)*. Therefore, Miyaoka-Yau’s inequality also 
holds in this example. 
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